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Position-sensitive SiPMs are useful in all light detection applications requiring a small number of readout
channels while preserving the information about the incoming light’s interaction position. Focusing on a
2 x 2 array of LG-SiPMs covering an area of ~ 15.5 X 15.5 mm
quantitative method to evaluate the image reconstruction performance. The method is based on a statistical
approach to assess the device’s precision (spatial resolution) and accuracy (linearity) in reconstructing the light
spot center of gravity. This evaluation is achieved through a Rice probability distribution function fitting. We

%> with just 6 readout channels, we proposed a

obtained an average sensor spatial resolution of 81 +3 pm (standard deviation) with a corresponding accuracy

of 231 +4 pm.

1. Introduction

The demand for sub-millimeter precision position-sensitive (PS)
light sensors is a hot topic in various fields of modern experimental
physics as well as for several industrial and/or medical applications [1-
9]. Given an incoming light beam, PS light detectors are devices
designed to determine the light spot’s center of gravity (CoG) position
on the sensor’s surface. Previous works, such as [1,2], have already
discussed the interest in these detectors in medical applications. By de-
tecting the exact position of light flashes emitted by scintillator crystals,
PS detectors effectively map the hit positions of an incident gamma-
ray [2,5,6]. This allows for precise metabolism mapping in specific
tissues within a living body previously tagged by radioactive isotopes.

In the context of scintillator crystal readout, very sensitive detectors,
like Silicon Photomultipliers (SiPM) are often used. They have the
advantage of high photodetection efficiency in the visible spectrum,
compactness, insensitivity to magnetic fields, low bias voltages, and
good time resolution. A particular type of PS SiPM device with posi-
tion sensitivity is the so-called Linearly-graded (LG) SiPM technology
patented by FBK [3,10,11].

* Corresponding author.
E-mail address: aramis.raiola@unige.ch (A. Raiola).

https://doi.org/10.1016/j.nima.2025.170774

In this work, we present a study on an array of 2 x 2 large-
area LG-SiPMs [3], where we developed a statistical method based on
multiple Rice function fitting to determine precisely both the intrinsic
resolution of the device and its linearity. With the latter term, we define
the systematic shift between the physical position of the light source
and the center of the reconstructed spot on the detector surface. A
detector with poor reconstruction linearity will produce a deformed
image. Thus, a preliminary assessment of the light sensor’s linearity
could be useful in developing a correction algorithm through statistical
analysis or, more recently, by employing machine learning techniques
and neural networks.

2. Position-sensitive LG-SiPMs

2.1. Position sensitive silicon photomultiplier

Among high-sensitive photodetectors, Silicon photomultipliers
(SiPMs) are single-photon sensitive detectors that offer various advan-
tages including high quantum efficiency, high gain, low bias voltages,
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and insensitivity to magnetic fields (which makes these devices suit-
able for applications in hybrid medical scanners, such as PET/MRI
machines) [12]. SiPMs are arrays of Single Photon Avalanche Diodes
(SPADs) biased over the breakdown voltage (thus working in Geiger
mode) and connected in parallel to have a common readout. The typical
microcell size varies between few to tens of microns and, generally, it
is possible to build SiPMs with active areas up to 10 x 10 mm?[3,12].
Due to the Geiger mode operation of SiPMs, these devices are single
photon sensitive. In each microcell (i.e. SPAD) the high electric field
produces a relevant current pulse in response to a detected photon.
The gain (i.e. number of carriers produced per each avalanche pulse)
is in the order of 10.

There are two common approaches for realizing a SiPMs-based
position-sensitive detector over large areas: building an array of several
SiPMs or using position-sensitive SiPMs (PS-SiPMs). The first option
requires numerous readout channels over large detection areas. More-
over, the resulting position resolution is limited by the size of the
used SiPM chips. On the other hand, PS-SiPMs offer a sharper position
resolution with fewer readout channels [3,13].

2.2. Linearly-graded SiPMs

Several PS-SiPMs approaches have been proposed in the last years,
especially in the field of medical physics [1,2,5,6,8,10,14]. In the
present work, we used the linearly graded SiPMs (LG-SiPM) technology,
developed by FBK, both with NUV-HD SiPMs technology [3,15] (with
higher photodetection efficiency towards blue-ultraviolet light) and
RGB-HD SiPMs [3,16] (targeting visible light). These light sensors were
mainly tested in the context of small-animal PET scanners [5,10], even
though other applications for High-Energy physics were proposed [14].
LG-SiPMs working principle is based on a weighted avalanche charge
division through two linearly-graded current dividers. At the detection
of a photon, the charge of each microcell avalanche is divided into two
paths through two current dividers (one for vertical coordinate and one
for horizontal coordinate).

The two split output currents are further divided by the current
dividers connected to the two readout channels (e.g. ChA and ChB for
the horizontal direction in Fig. 1). These current dividers allow the
reconstruction of the triggered SPAD position. This is possible thanks
to vary to produce a linearly increasing conductivity from the 0-th to
the nth node [3,10]. The amplitude and charge of the four output sig-
nals allow for determining the chip’s light interaction location, which
corresponds to the triggered SPAD position in the network.

If the top-left cell is fired in the horizontal direction, a large amount
of charge will be collected from channel Chg, while a smaller current
flows through Ch 4, whose branch resistance is higher. The situation is
reversed when the outermost top-right SPAD is fired. More precisely,
the difference between the output waveforms of Ch, and Chy (both in
terms of amplitude or total charge) is linearly varying depending on the
horizontal position of the triggered SPAD. This principle also applies to
the vertical direction.

The 2D position of the fired SPAD for a single LG-SiPM can be, there-
fore, reconstructed using the Anger camera CoG equations [3,10,17]:
o kim0 1,0c-0p W

rec 2QA+QB’ rec 2QC+QD

where x and y are the normalized horizontal and vertical positions, /,
and /, are the dimensions of the SiPM chip in the respective directions,
and Q represents the charge collected by each channel, which can be
extracted from the signal waveform using different techniques. This
equation returns a position, determined by the charges normalized
difference, yielding a value between -/, ,/2 and +l,,/2, where the
factor 1/2 comes from the choice of setting the central reconstructed
position on the detectors surface, as the (0,0) coordinate. Thus, position
reconstruction with LG-SiPMs can be achieved using just 4 channels for
the entire device area (usually less than 10 x 10 mm?), with a precision
that virtually corresponds to one microcell diameter [3,10].
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Fig. 1. Scheme showing a portion of an LG-SiPMs microcells connected to the
resistive/capacitive network, which allows for position encoding [3].
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Fig. 2. 2 x 2 LG-SiPMs array with readout channels scheme (smart channel layout) [3].
The charge read out from these 6 channels is the input for Eq. (2).

In the case of an extended incoming beam (when multiple cells are
simultaneously fired within a single SiPM), the current output from
the readout channels can still be processed through Eq. (1). In this
scenario, the reconstructed position corresponds to the CoG position
of the light beam, i.e., the geometrical center of the incoming light
(for a uniform beam). The reconstruction resolution is typically a few
hundred microns due to several electronic aberrations that perturb the
position reconstruction and do not allow it to reach single-microcell
resolution.

2.3. 2 x 2 array of LG-SiPMs

LG-SiPMs can also be arranged in arrays of multiple devices to
increase the detector’s active surface and have a larger field of view
(FOV). In this work, we used a 2 x 2 array of RGB-HD-based LG-SiPMs,
i.e., based on a p-type substrate, having a photon detection efficiency
(PDE) peaking in the green wavelength range. The tested device has a
single-chip area of 7.75 x 7.75 mm? [18], with 20 um SPAD pitch and
a breakdown voltage of about 28 V.

The array is an assembly of 4 SiPM chips connected with a “smart-
channel” configuration [3]. In this configuration, two adjacent chips’
output is connected, forming a single middle channel (channels x, and
¥, in Fig. 2). This layout allows to reduce further the number of readout
channels [3,14]. For an nxn array of LG-SiPMs, the number of channels
scales as: nepannets = 2 (n+ 1), compared to the n? for arrays of standard
analog SiPMs and the 4-n trend for LG-SiPMs without the smart-channel
configuration.

However, this further reduction of output lines comes with the cost
of a slight worsening of position resolution because of the increased
parasitic [3].
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Fig. 3. Average LG-SiPMs array response waveforms for each channel for the single motor position (29.0 mm; 10.5 mm) out of the 10’000 positions recorded. On the left are
shown the acquired waveforms for each channel and on the right the same waveforms after delay and baseline corrections.

The position reconstruction for a 2 x 2 array of PS SiPMs can be
calculated with the following variation of Eq. (1):

. =I_x X3 — X ) =l_y Y3 =N )
2 x Xyt x3 T 2yt
where x; and y; (i = 1,2,3) are the charge output of the readout

channels (as displayed in Fig. 1) and /, and /, are the lateral sizes of
the whole array. For more details about LG-SiPMs, ref. [3,10].

3. Experimental procedure and data reduction

3.1. Testing setup

To assess the position resolution and linearity of the 2 x 2 RGB-HD
LG-SiPMs array under test (Fig. 4), we scanned its active surface with a
pulsed blue LED (central wavelength: 470 nm). A pulse generator (Aim-
TTi TG5011) drives the light source by sending square 4 V amplitude
pulses at a 1 kHz rate and with a width of 20 ns. The voltage was chosen
to prevent saturation of both the sensor and amplifiers, while also max-
imizing the number of emitted photons. This approach ensures optimal
precision in reconstructing the light spot position. In theory, the recon-
structed position should be independent of the total number of photons
emitted by the LED, as the total charge normalizes the amplitude
measured in each channel (see Eq. (2)). The LED light pulses were sent
on the device through a multi-mode optical fiber (M92L02), whose exit
was placed at 1 mm from the SiPMs. It is possible to estimate from the
fiber specifications that the light spot diameter that we expect on the
detector’s surface is about 2 mm FWHM (Gaussian distributed beam).
The selected light spot diameter served both as a practical constraint
of our experimental setup and as a means to simulate the light output
from finely pixelated scintillator crystals used in medical imaging. This
spot size ensures that light is spread across a large number of SiPM
microcells (approximately 150), thereby reducing local fluctuations in
the spatial resolution estimate and minimizing systematic bias.

The LG-SiPMs array was mounted on 2 Thorlabs linear stages (mts
50/m-z8) to control the device in the x and y directions on the plane
parallel to the sensor’s active surface.

With this setup, we performed a 37 x 37 point scan of the SiPM
array surface in a grid pattern, with a step of 0.5 mm. We illuminated
the sensor with 10,000 pulses for each position, and an equal number of
positions were reconstructed through the previously reported Eq. (2).

At each step, we recorded the analog signals from the six channels
using a 12-bit ADC oscilloscope (Tektronix MSO58LP) with 8 channels

Fig. 4. Picture of the tested LG-SiPM array module including a 2 x 2 array of LG-SiPMs
and the 6-channels amplifier board, with 6 output signals (SMA connectors).

and 1 GHz bandwidth. The SiPM V,, was set at 5 V, and the tests were
performed at room temperature 20 °C — 25 °C.

3.2. Charge-based event selection

We performed offset correction and charge-based event selection to
identify and remove weak signals from partially illuminated light spots,
which can lead to shifted reconstructed positions.

First, waveform outputs were corrected for baseline offset and tem-
poral alignment. The baseline was averaged between 0 ns and 200 ns
and subtracted from all pulse charges. Temporal alignment accounted
for horizontal peak shifts due to varying cable lengths (Fig. 3).

A threshold selection was applied to the integral charge of the
waveforms to exclude events that only partially detected the light
spot, such as those near the edges or partially falling into the cross-
shaped gap between the SiPMs. The number of reconstructed positions
surviving this selection is 64.9% of the original set, with an average of
6489 events per motor position.
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3.3. Position reconstruction

The physical position reconstruction has two main goals: determin-
ing the scales /, and /, in Eq. (2) and aligning SiPM coordinates with
linear stage coordinates.

The first step addresses the limited range of normalized recon-
structed positions, which do not span [-1,1] due to parasitic
impedances and signal extraction non-idealities [3]. Therefore, we
determined two effective extended lengths /, ¢ and [, for recon-
structed positions, ensuring accurate reconstruction resolution. The
second step aligns reconstructed positions with the motor’s linear
stage coordinates. The motor’s “home position” (0 mm,0 mm),,,,, does
not coincide with the reconstructed center (0 mm,0 mm),,. due to
misalignment between the device under test and the linear stage. Thus,
correcting for this shift is crucial for reliably estimating position linear-
ity. These parameters were determined by developing a minimization
model that minimally reduces the difference between the coordinates
registered by the linear stage and those computed from the LG-SiPM
waveforms.

Let us define the normalized amplitude vector X € R%:

> X X X3
x:
X +Xp+ X3 X +Xp+ X3 X+ X+ X3

3

N1 Y2 V3 )

VAV Y Ay v+ s
These values correspond to the normalized charge output of the 6
channels encoding the event’s x- and y-positions. The following section
provides more details on how to extract this charge. We then define
the reconstructed positions vector (x, ) € R? and link it the
normalized charge output:

(xf“) = A% +b )
yrec

rec> Vrec

Where b = (xg, ¥o) corresponds to the offset between the reconstruction
coordinates, (for which the (0 mm,0 mm),,. is the array’s central po-
sition) and the linear stage coordinates. The matrix A € R?*¢ is then
defined as:

A= (lx,eff/2 0 _Ix,eff/2 0 0 0 >
0 0 0 Lyere/2 0 =ly /2

Where /, .y and /, . are the effective lateral lengths that the minimiza-
tion algorithm will determine. We introduced another parameter, ¢,
to complete the model. This rotation angle along the device surface
was considered since, in our practical setup implementation, the linear
micro-positioner stages and the detector have been aligned manually
without precise references. A tilt of a few degrees between the two is
possible and must be considered to minimize the difference between
LED nominal positions and reconstructed light spots CoG. To align the
two reference systems (motor and reconstructed), we applied to the
reconstructed position vector a 2D rotation matrix:

—sin(e)
cos(¢)

(5)

cos(p)

sin(¢) ©

R(p) = (

linearly transforming Eq. (4) into a tilt-dependent coordinates transfor-
mation:

x! Xpor - -
<y/m> = R(p) <ym> = R(p)AX + R(p)b @)

rec rec

The equations then represent the final model of position reconstruc-

tion to minimize:
+x> sin(qo)(ly‘e” Bhoh +y)
() —Y T tX
2 Y+ Yyt

(8a)

lx.efl‘ X3 — X
2 Xy +x,+x3

A
X,,. = cos(p) (
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Ixetr X3 =X
2 x;+Xxy+x3

Lyett  y3— + 0)

, .
= Sin
Vree @ ( 2 yi+ytys

+ x0> +cos(p) <
(8b)

With this model, we can perform the minimization of the distance
value d:

d= \/(X;ec - xx‘rue)2 + (y:'ec - ytrue)2 (9)

representing all the distances between reconstructed points and the
motor position given by the Thorlabs linear stage output. The mini-
mization was implemented through the Scipy minimizer library applied
on the free parameters: I ¢, Iy o, X, Yo, @, With the Nelder-Mead
method, suited for the minimization of a multi-variable scalar function.
This method does not rely on gradient descent and efficiently minimizes
non-smooth functions. However, since it does not follow the function
gradient for minimization, it is challenging to directly estimate an in-
verse Hessian matrix for uncertainty determination. Thus, uncertainties
were estimated by randomly sampling the reconstructed events and
repeating the minimization multiple times. The estimated uncertainty
corresponds to the standard deviation of the bootstrapped parameters
distribution. The final parameters results will then provide a model to
compare the reconstructed positions in mm with the motor coordinates
and estimate the PS-SiPM spatial resolution and linearity.

3.4. Rice distribution fitting

Once the minimization is carried out, we obtain a distribution of
reconstructed points per each motor position (typically spread around
a central value). The assumption done in this test is that the points are
spread in space as a 2D Gaussian distribution, with the same standard
deviation ¢ both in the x and y directions. This is typically true towards
the camera’s center, while the points at the camera’s border tend to
show a certain degree of oblateness due to different image deformation
effects. The mathematical distribution used to model the points spread
is known as Rice distribution. This probability density function (PDF)
describes the dispersion of two Gaussian variables, X and Y, sharing the
same standard deviation. Given two Gaussian variables X ~ N '(u,,0)
and Y ~ N (uy,0), a Rician random variable is defined as:

R(v,0) ~ VX2 472 (10)

where v represents the shift between the center of coordinates and the
Gaussian peak: v = 4/u2 + ;45 [19] (ref. Fig. 5). Computing with Eq.
(9) the distance d between the reconstructed positions for the same
motor position and the motor position given by the linear stage, we
then suppose that they follow a Rice distribution:

d d? +v? vd
P(lv,0) = — - I = 11
(d|v, o) = exp< = ) 0<02> an

where I, is the zeroth order modified Bessel function [19]. By perform-
ing a Rician fit on the d distribution for each motor position, we can
assess the shift v (linearity parameter) and the standard deviation o
(resolution) of the LG-SiPMs array at each position on its surface, as
done in Fig. 6.

4. Testing results

A possible method to extract the SiPMs channels’ amplitude output
to reconstruct the incoming light central position is to sample the
waveforms’ amplitude from the 6 channels and input them in Eq. (2).
Then, the minimization can be performed by finding the 5 model’s free
parameters, following Eq. (8).

The minimization was carried out to find the parameters presented
in Table 1.

The statistical uncertainties determined through bootstrapping
methods were extremely small (~ 1 pm) due to a large number of points
constraining the minimization. Therefore, the presented uncertainties
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Fig. 5. Scheme of a possible spread of the 10’000 reconstructed position (green halo)
following a non-central 2D Gaussian distribution.
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Fig. 6. Rice fit on the distribution of distances d from the true motor position. This
sample contains the LED pulses for a single motor position.

Table 1
Minimization results for the waveform amplitude reconstruction method.

Minimization result

21.049 + 0.006 mm
21.112 + 0.006 mm
15.190 + 0.006 mm
23.074 + 0.006 mm
0.006° + 0.001°

Parameter

Effective extended length /
Effective extended length /
Coordinates shift x,
Coordinates shift y,

Tilt angle ¢

xeff

yeff

are the summation in quadrature of the fit (statistical) uncertainty and
the systematic errors due to the motor positioning: the bidirectional
repeatability (6 pm) and backlash (~ 1pm).

The reconstructed image processed with the minimization param-
eters has a lateral size of L, = 15.284 mm and L, = 15.020 mm. We
define the size ratio R, as the ratio between the reconstructed average

lateral size of the device and its physical lateral size L:

1 (L + Ly)
s = EL—O =54% (12)
which will be useful in computing errors on the spatial resolution
and linearity of the detector. The fact that we obtain only a small
fractional difference between the physical SiPMs array size and the re-
constructed one makes the minimization results more reliable. With the
minimization parameters, we compute the distance between the nom-
inal and reconstructed positions with Eq. (9) for each motor position.
Subsequently, a histogram of these distances is created for each motor
position. A Rice distribution is then fitted to each histogram to analyze
the detector’s resolution (standard deviation ¢) and linearity parameter
(shift v) at different points of the detector’s surface. Additionally, the fit
results on each point were averaged (weighted average with variance-
defined weights) to give a proxy of the resolution on the whole camera
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Fig. 7. Reconstructed positions 2d histogram after minimization.

Table 2
Average resolution and linearity parameter of 529 LED positions.

Parameter Average Rice fit result
Average resolution & 81 + 3 pm
Average shift v 231 + 4 ym
surface:
> o ul,
_ _ i.j Cij%i, 1
G+ 46 = — & . (13a)
2wy 20wy
- _ ij Vi i, 1
VA=~ - (13b)
Zi,j Wi ; Zi,j Wi ;
Where i, j are the rows and columns index of the motor positions grid,
w], = 1/4c;; and wy; = 1/Av, ;. The statistical uncertainty on the fit

parameters was once again obtained through Bootstrap.

The resolution errors at each motor position are calculated as the
quadrature sum of the systematic error 4o, and the statistical error
Aoy, Statistical uncertainty corresponds to the fit error (from the
covariance matrix), while the systematic error is defined as the product
of the fitted o and the size ratio:

do=R;-0®dosy 14

The systematic error accounts for deviations in the reconstructed image
size compared to the physical array, which could under/over-estimate
the 2D Gaussian standard deviation. This estimation also applies to the
shift parameter, v, which depends on the size ratio and motor position.
However, v is further affected by the linear stage backlash (BL) and
bidirectional repeatability (BR):

Av=Avp; @ Avpr @ R, - v Avy, 1s)

The weighted averages for resolution and shift, computed from the
amplitude reconstruction method, include only the central region of the
camera, excluding the 1.5 mm border where deformations prevent fit
convergence. Results are summarized in Table 2.

The reconstructed positions in Fig. 7 clearly reveal the four SiPMs in
the array. The gap between the upper SiPMs is visible, while the lower
SiPMs appear less distinct due to varying lateral sizes in reconstruction
(e.g., the bottom-right SiPM is reconstructed with a larger area). Addi-
tionally, a pincushion effect distorts the image towards the corners, as
previously reported in [3], likely due to high parasitic inductance and
impedance mismatches.

The resolution map in Fig. 8 shows degradation near the gaps be-
tween SiPM chips due to limited light collection (white pixels indicate
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Fig. 8. Resolution map of the SiPM surface scan using Rice fitting. Each bin represents
a motor step.
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Fig. 9. Linearity map of the SiPM surface scan using Rice fitting. Each bin represents
a motor step.

insufficient photons for Rice fitting). Resolution also worsens towards
the corners, influenced by the pincushion effect. Linearity, shown in
Fig. 9, exhibits strong deformations at the gap between the top SiPMs,
with stripes crossing each SiPM corresponding to regions with larger v.

Overall, the average resolution (¢) is 81 + 3 pm, confirming sub-
millimetric precision for this PS-SiPM. Non-linearity effects, described
by the shift v, indicate sensor accuracy at the level of a few hundred
pm.

These results are proper to the amplitude method reconstruction,
through which waveform peaks are sampled and employed as inputs
for Eq. (1). Even though other techniques were studied, such as ex-
tracting the charge by integrating the output waveforms for different
time windows, we concluded that the amplitude-based approach yields
the best average spatial resolution and linearity.

5. Conclusions

This work introduces a statistical method to evaluate position-
reconstruction performance for a 2 x 2 RGB-HD LG-SiPM array, as-
sessing spatial resolution and linearity using iterative Rice fitting. The
device achieves an average best resolution of 81 + 3 pm (190 + 7 pm
FWHM) and a few hundred pm average shift for amplitude-based
reconstruction (Table 2). The spatial resolution degrades near SiPM
gaps and edges due to light collection limits and pincushion distortion.
Results apply to V,, = 5 V at room temperature; lower temperatures
or higher bias voltages improve resolution, while larger SiPM arrays
worsen performance due to parasitics [3].

LG-SiPMs enable sub-millimeter CoG reconstruction, ideal for high-
precision applications like Time Projection Chambers [14] and medical

Nuclear Inst. and Methods in Physics Research, A 1080 (2025) 170774

scanners. Their simple readout and reduced channel count support in-
tegration into systems requiring millimeter-scale resolution. However,
as demonstrated in this study, these devices exhibit reduced position
linearity, resulting in systematic shifts in the reconstructed position.
This effect is quantified by the parameter v across the detector surface.
Previously reported in [3], this phenomenon is likely caused by non-
idealities in charge collection and becomes especially pronounced near
detector edges (pincushion effect, see [20]) and at the gaps between
SiPMs.

A common mitigation strategy for applications that demand high-
precision image reconstruction involves using look-up tables to correct
the reconstructed positions based on their spatial coordinates on the
LG-SiPM surface. This method requires a pre-calibration phase prior to
deployment.

A more robust and accurate alternative is a non-linear reconstruc-
tion approach, which replaces fixed zero entries in the reconstruc-
tion matrix (see Eq. (5)) with adjustable parameters. These weights
are optimized through fitting procedures. Currently, a deep neural
network-based method is under development [21] to estimate these
weights. It utilizes a preliminary scan of the detector surface as training
data, enabling more effective compensation for spatial distortions and
improved linearity in the reconstructed image.

The Rice-fitting technique approach used for this work can also be
employed to assess other PS light sensors resolution and linearity, given
a nominal mapping between reconstructed positions and the physical
light source locations.
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